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Research on S-Shaped Tooth Profile Design
and Meshing Performance of Harmonic
Gear Drive
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Abstract

As a core component of robotic joint drives, harmonic reducers exhibit significant
advantages such as high reduction ratios, compact structure, and minimal backlash. They
demonstrate outstanding performance in applications requiring high-dynamic-response
precision control and heavy-load power transmission, with their performance directly
determining a robot's motion accuracy, dynamic response capability, and service life.
However, as applications evolve toward high-speed, heavy-load, and long-life scenarios,
the lack of systematic active design theory for tooth profiles in harmonic reducers has
become increasingly apparent. Traditional design methods for the tooth profiles of the
circular spline and flexspline have yet to establish a unified parametric modeling system
for tooth profile parameters correlated with the module, and the feasible range of initial
tooth profile parameters lacks a rigorous mathematical definition. Furthermore, due to the
complex nonlinear deformation mechanism of the flexspline and the difficulty in
establishing an accurate analytical model, research on the meshing-load coordination
mechanism between the flexspline and circular spline remains insufficient. As a result,
the influence of load and installation errors on tooth contact characteristics has not been
fully clarified, becoming a bottleneck restricting the performance improvement of
harmonic reducers. To overcome these technical challenges, this study investigates the
kinematic modeling, tooth profile design, parameter optimization, and tooth contact
characteristics of harmonic reducers. A kinematic model of harmonic reducers based on
the support function design of the neutral curve of the flexspline is established. A high-
flexibility S-shaped tooth profile design method with continuous double-conjugate
characteristics for harmonic reducers is proposed, and the influence of tooth profile
modification on the contact characteristics of harmonic transmission is revealed. The
research findings hold significant importance for understanding the meshing mechanism,
tooth profile design, and meshing performance control of harmonic reducers, providing
theoretical support for establishing a systematic tooth profile design process for harmonic
reducers.

The main contents of this dissertation are as follows:

(1) A kinematic model of the harmonic reducer was established based on the support
function design of the flexspline neutral curve, clarifying the mathematical relationship

between the tooth motion trajectory of the flexspline and the neutral curve. Using the
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concept of instant centers, the kinematic model of the harmonic reducer was further
elaborated, and formulas for the instantaneous transmission ratio, sliding rate, and
comprehensive curvature radius of harmonic drive were derived. Based on the analysis
of instant center lines in multiple coordinate systems, the conjugate meshing equation of
the circular spline and flexspline tooth profiles was derived according to Willis' theorem.
The feasible domain for selecting tooth profile parameters of the circular spline and
flexspline was established, along with the geometric constraint boundaries of the instant
center lines. The geometric relationship between the meshing boundary point and the
continuous double-conjugate characteristics of the harmonic reducer was revealed.

(2) Based on the definition of the S-shaped tooth profile equation in the normal section
of the hob, the tooth profile design reference point was controlled as the meshing
boundary point, establishing a systematic tooth profile design methodology from the hob
— flexspline tooth — circular spline tooth. The influence of tooth profile design
parameters on the contact ratio, sliding rate, and comprehensive curvature radius was
investigated. A multi-tooth meshing deformation coordination and static equilibrium
calculation method for harmonic reducers was proposed, overcoming the limitation of
using contact ratio as the sole optimization objective. By comprehensively considering
the tooth surface sliding rate, meshing point comprehensive curvature radius, and contact
ratio, an S-shaped tooth profile design and optimization method for backlash-free
harmonic reducers was developed, aiming to minimize tooth contact pressure.

(3) Based on the spatial geometric relationship of gear hobbing and the dual-envelope
meshing theory, a precision generation method for the flexspline tooth surface
incorporating comprehensive modifications was proposed, revealing the influence of
tooth crowning and over ball diameter (OBD) variation on the geometric morphology of
the flexspline tooth surface. A conical skiving cutter design method considering circular
spline tooth profile modification was introduced. By analyzing the skiving machining
principle, the impact of OBD variation on the geometric morphology of the circular
spline tooth surface was investigated. An accurate modeling approach for the tooth
surfaces of both the circular spline and flexspline in S-shaped harmonic reducers was
established, incorporating comprehensive modification considerations.

(4) An S-shaped tooth profile load-bearing contact analysis model for harmonic
reducers was established, and investigate the influence of parabolic modification of the
circular spline tooth profile on the double-conjugate and two-point conjugate

characteristics of the meshing tooth surfaces. A spatial meshing backlash calculation
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method for harmonic reducers incorporating flexspline tooth crowning modification was
developed. This method examines the effects of backlash distribution and assembly errors
on tooth contact patterns and stress distribution uniformity, This led to the development
of a meshing performance optimization methodology for S-profile harmonic drives based
on precise clearance control.

(5) Prototype development and experimental analysis for S-shaped harmonic reducers
were conducted. Dual-circular-spline and top-hat harmonic reducers were manufactured.
The existence of double-conjugate characteristics between the flexspline and circular
spline tooth surfaces was verified through tooth surface wear pattern tests on the dual-
circular-spline harmonic reducer. Using a comprehensive performance test bench and a
pendulum-type vibration test platform, Comprehensive performance tests on dedicated
test benches and swing-arm vibration platforms comparatively analyzed transmission
error, rigidity, starting torque, efficiency, and vibration characteristics under different
modification parameters. These experiments validated the engineering feasibility of the

tooth profile design and modification methods proposed in this study.
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